The paper proposes a new modeling approach for the prediction and analysis of the mechanical properties in deoxyribonucleic acid (DNA) molecules based on a hybrid atomistic-finite element continuum representation. The model takes into account of the complex geometry of the DNA strands, a structural mechanics representation of the atomic bonds existing in the molecules and the mass distribution of the atoms by using a lumped parameter model. A 13-base-pair DNA model is used to illustrate the proposed approach. The properties of the equivalent bond elements used to represent the DNA model have been derived. The natural frequencies, vibration mode shapes, and equivalent continuum mechanical properties of the DNA strand are obtained. The results from our model compare well with a high-fidelity molecular mechanics simulation and existing MD and experimental data from open literature.
Introduction
The importance of the DNA molecule in understanding biological processes has been well established. Although DNA is symbolized by the classical double helix structure, it often exists in conjunction with other molecules in order to perform its various roles such as replication and repair [1] . The interactions of DNA with other molecules make it undergo deformations such as bending, stretching, twisting, folding, and even knotting [2] . DNA is a highly flexible structure and has the ability to withstand significant deformations without being damaged [3] . The study on the deformation of DNA is vital to understand its role in the interaction with protein molecules [1] . DNA can also be extremely useful as a basic building block for a range of atomistic scale structures [4] and is likely to play a crucial part in future generations of synthetic materials [5] . More recently, it has been shown that DNA can be used as an electronic data storage device [6] . However, to develop computing devices using DNA, it is necessary to know structural deformation and stability properties [7] under a wide range of mechanical and thermal conditions. In more general terms, it is important to understand the DNA mechanical behavior under different loading conditions for its successful use within the context of material science. Over the past two decades, it has been possible to conduct single molecule experiments and observe deformation patterns under various loading conditions [3, [8] [9] [10] . It is not, however, always possible to conduct experiments in a reliable and efficient manner with DNA molecules, and the detailed configuration of DNA strands is often not completely known, especially for the case of DNA-based materials. Computational methods have been therefore developed for the mechanical analysis of DNA [11] [12] [13] and other biological molecules. The two main categories of computational methods applied to DNA molecules are classical molecular dynamics [14] and continuum mechanics [15] [16] [17] . MD is successful in capturing complex deformation mechanisms in atomistic systems, but suffers from the drawback of excessive computing costs and therefore its use has been limited to the analysis of small to moderate size problems [18] . Multiscale methods based on MD on long DNA segments have been also used [19] , however at specific computational cost. Continuum models are based on the development of constitutive equations with their boundary conditions, and the estimation of the parameters defining the equivalent continuum in statics, dynamics, and stability (buckling) analysis [7, 11] . Often the continuum parameters are calibrated from target experiments [20] . Finite element (FE) techniques with continuum representations of DNA strands have been applied to predict the behavior under torsional stress [16] , and also for more general protein structures [12, 17] . The interested Reader can find a comprehensive review about simulation and experimental methods applied to the mechanics and structural analysis of single biomolecules in Ref. [21] .
The conventional finite element method applied to continuum mechanics provides an efficient way to analyze DNA and other biological structures consisting of larger length scales (>10 nm). At a smaller length, the DNA cannot be represented as a continuum, but as a connected collection of molecules which are discrete in nature from the point of view of mechanics. The basic assumption of a continuum idealization of a discrete structure can cause this approach to fail at predicting the mechanical response of systems with topological defects and local irregularities. When small length-scale effects cannot be neglected, the applicability of continuum mechanics based models may become questionable [22] no matter what solution technique is used. To deal with such discrete structures, a new generation of lattice finite element methods [23] has been proposed for homogeneous nanostructures such as carbon nanotubes [24] [25] [26] and graphene sheets [27, 28] . The atomistic finite element or lattice approach [23, 29] establishes a link between the structural and molecular mechanics (MM) at the atomic bond level and provides a way to model the deformation of atomic systems by means of conventional finite element analyses using classical beam elements. In contrast to the continuum models, the lattice approach proposes a discrete representation of the system. This makes it particularly suitable for capturing local information from individual atoms and from interatomic forces, with the possibility of introducing defects or inclusions in the atomic structure. In spite of the extensive work carried out in this context, atomistic finite element simulations have been virtually restricted to the exclusive study of homogeneous structures such as carbon nanotubes and graphene sheets. In this paper, we investigate possibility of using atomistic finite element for a nonhomogeneous structure such as the DNA molecule.
In this work, we present a modeling approach based on the application of the atomistic-continuum finite element technique to DNA molecules. The model is used to derive the equivalent properties of the bonds belonging to the different chemical groups making the DNA strand. As a case study, we examine a 13-basepair DNA model, the geometry of which is obtained from standard protein data bank (PDB) files. The model is used to identify the natural frequencies and the equivalent stiffness of the DNA strand. The rational behind the focus on the natural frequencies of DNA molecules is because of the importance of detecting its spectroscopic behavior in a wide range of applications related also to changes of states [6] . As a benchmark for the vibrational behavior identified through our model, we use a MM approach able to predict both eigenvalues and eigenmodes of the DNA strand having the same geometry of the atomistic-continuum model. Our approach compares well with the MM simulations, and experimental and MD data obtained from open literature. Moreover, it reveals how the different chemical groups of the DNA molecule behave from a mechanical point of view, and the different stiffness and structure distributions they create to obtain the equivalent continuum mechanical properties of the DNA molecule.
2 DNA Structure Mechanical Models 2.1 Finite Element Atomistic-Continuum Approach. We give here a very brief overview of the DNA structure to clarify the structural mechanics considerations needed in developing our atomistic-continuum approach. DNA is a long chain of four different small compounds called nucleotides (guanine, adenine, thymine, and cytosine), often symbolized by the letters G, A, T, and C. Each nucleotide in turn is composed by a sugar (deoxyribose) and a phosphate group. Generally, DNA molecules are double-stranded helices, consisting of two long polymers of these nucleotides. The two strands run in opposite directions to each other, one backbone being 3 0 (three prime) and the other being 5 0 (five prime). DNA bases pair up with each other, A with T and C with G, to form units called base pairs. From these discussions, it is evident that a homogeneous continuum mechanics model is not suitable to represent these details. One complete turn is 3.4 nm in length and has 10 base pairs. This implies that the base pairs are approximately 0.34 nm or 3.4 Å apart. The average diameter of the DNA molecule is about 2 nm. For the structural analysis of DNA, it is essential to precisely define the number of base pairs. In this work, we consider a DNA segment with 13 base pairs, as shown in Fig. 1(a) . This particular size is selected for illustration only. The finite element method developed here is also applicable to DNA structures with a larger number base pairs.
We establish an equivalence between the interatomic energies and their mechanical counterparts by means of a lattice representation. This approach was originally proposed by Ref. [23] , but restricted to the study of carbon nanotubes. In this context, the covalent bond between two atoms is assumed to behave as a three-dimensional Timoshenko beam element of circular cross section. To calculate the bond stretching force constant for covalent bonds, we adopt the expression provided by the universal force field (UFF) [30] 
and is expressed in units of kcal=mol ÁÅ 2 . The parameters z i and z j are effective atomic charges in electron units and can be obtained from the same reference. The length l is given by the natural bond length between the pair of atoms i and j and is assumed to be the sum of atom type specific single bond radii, plus a bond order correction, plus an electronegativity correction, in accordance with Ref. [30] . Regarding the angle bend force constant, it is assumed to be a constant for all the covalent bonds, equal to k h ¼ 100 kcal=mol Á rad 2 [31] . The torsional force constant is calculated from the corresponding torsional atomic energy, which can be defined as [31] 
where v s is the potential barrier, n the periodicity of the potential, and s o and s are the reference torsion angle and actual torsion angle, respectively. If we express the angle s as the sum between s o and an increment of angle, Ds, it is straightforward to show that Eq. (2) reduces to 
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when an infinitesimal increment Ds is considered. By taking the second derivative of E s with respect to Ds, we can obtain the torsional force constant as
with the values of v s and n obtained from Ref. [30] . To describe the hydrogen bonds present in the molecule, we choose the Morse potential that takes the form of
The parameters v d and a are the depth and the inverse width of the potential describing the interaction. The parameters d o and d represent the distance between atoms at equilibrium and at the deformed configuration, respectively. Finally, after taking the second derivative of the above expression with respect to the increment Dd ¼ d À d o , the stretching force constant for the hydrogen bond can be computed as
Values of v d and a are taken from Ref. [32] , and are equal to 0.07 eV and 1:2Å À1 , respectively, for all of the hydrogen bonds.
The chemical bonds of the DNA chains are represented using structural beam elements using an approach adopted in Ref. [33] for C-C sp 2 , [29] for C-C sp 3 , and [34] for boron nitride bonds. The three primary deformation mechanisms of an atomic bond, namely, stretching, bending, and torsion, are shown in Fig. 2 . Reference [23] recognized for the first time that harmonic potentials related to stretching, in-plane bending, dihedral angle, and out-of-plane torsion have a mathematical and physical equivalence with the axial, bending, and torsional strain energies of structural beams. The mechanical properties of the bonds are calculated from the equivalence between the harmonic potentials describing the stoichiometric chemical energy and the mechanical strain energy of structural beams with deep shear deformation and circular cross section
In Eq. (7), L is the length of the bond, while E b A, G b J, and E b I are, respectively, the equivalent axial, torsional, and bending stiffness of the bond itself. During small elastic deformations, the DNA individual bonds undergo out-of-plane torsional du ð Þ and in-plane bending (dh) infinitesimal rotations, as well as small axial deformations (dr)
where
and
If we assume that the equivalent material of the bonds is transverse isotropic, one can find a unique set of thickness d and Poisson's ratio parameters by imposing the further constraint
Once the equivalent mechanical properties and thickness of each bond have been calculated, the DNA blocks are described following classical finite element approaches as 3D 2-node Timoshenko (deep shear) elements. Each node represents an atom which has 6 degrees of freedom (3 translational and 3 Fig. 2 The three primary deformations mechanisms of the atomic bonds rotational). The bond elements possess a stiffness matrix K ½ e and a lumped parameter mass matrix
Here M ½ l ¼ diag m=3 m=3 m=3 0 0 0 ½ T , m being the mass of each atom and the rotary inertia has been neglected [29, 33] . Each beam finite element is also subjected to a nodal force vector F f g e . The overall static deformation of the DNA chain can be evaluated solving the linear static equation
.e., assembling the DNA groups according to the geometry of the chain and using a conjugate gradient method to solve the systems of equations. The natural frequencies ðx j Þ and associated mode shapes (x j ) of the DNA structure are evaluated by solving the eigenvalue problem
are the global stiffness and mass matrices after applying the boundary conditions. A Lanczos algorithm is used to compute the eigenvalues and eigenvectors of the problem. In order to carry out our numerical simulations, we adopt the commercial finite element software [36] . The geometric configuration and nodal connectivities of the DNA strand used in this work are obtained from a PDB file. The finite element mesh comprises 822 nodes that represent the atoms of the molecule. The atomic mass is modeled by means of 3D discrete mass elements lumped at each node and assigned according to the type of atom represented. The covalent bonds are modeled by means of 885 3D elastic beam elements with 3 rotational and 3 translational degrees of freedom. Transverse shear strains (Timoshenko beam theory) and Hermite interpolation are considered in the beam element formulation. When compared to the covalent bonds, the effects of van der Waals interactions are much weaker [37] and, therefore, are not considered in this work. Hydrogen bonds (which are stronger interactions) are incorporated in the model by means of 34 elastic spar elements. Zero prescribed displacements are imposed as boundary conditions on all of the degrees of freedom of the nodes located on the left side of the structure (see Fig. 1(b) ).
Molecular
Mechanics. Molecular mechanics simulations have been performed with Gaussian [38] using UFF [30] . Since force-fields use an explicit expression for the potential energy surface of a molecule as a function of the atomic coordinates, force field-based simulations are convenient. The UFF is well suited for dynamics simulations because it allows more accurate vibration simulation than many other force fields, which do not distinguish bond strengths. The UFF is a purely harmonic force field with a potential-energy expression of the form
The valence interactions consist of bond stretching (E R ), which is a harmonic term and angular distortions. The angular distortions are bond angle bending ðE h Þ, described by a three-term Fourier cosine expansion, dihedral angle torsion ðE / Þ, and inversion terms (out-of-plane bending) ðE x Þ. E / and E x are described by cosineFourier expansion terms. The nonbonded interactions consist of van der Waals (E VDW ) and electrostatic (E el ) terms. E VDW are described by a Lennard-Jones potential and E el described by a Coulombic term. The functional form of these energy terms is given as follows:
Here, k 1 , k 2 , k 3 , and k 4 are force constants, h 0 is the natural bond angle, D is the van der Waals well depth, r* is the van der Waals length, q i is the net charge of an atom, e is the dielectric constant, and r ij is the distance between two atoms. The E el term is a Coulombic term and is not zero for the present case. The Gaussian program assigned the atomic charges automatically based on the atom types. The atomic charges are assigned according to "Qeq algorithm" presented by Ref. [39] . The torsion term, E / , turns out to be of great importance. Detailed values of these parameters in Eq. (13) can be found in Ref. [30] . The calculation of the frequencies and their validation for CNTs has been detailed by Ref. [40] . , and 1.13-1.37 Å [29, 43] . CN groups tend to have thickness ranges confined between 0.7 Å and 1.16 Å . Strong clustering is observed for HN groups at 0.8 Å , and CH groups. The distribution of the equivalent Young's moduli (E b ) versus thickness for the different chemical groups is shown in Fig. 4 . It is possible to observe a dependency with d À2 for the Young's moduli. This behavior can be justified assuming that a significant part of the deformation of the bonds is attributed to stretching. For a specific axial deformation and length of the bond, a relation
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2 can be extracted from the first of Eq. (7), therefore justifying the overall modulus/thickness trend observed. The highest Young's moduli are recorded for CO groups (33- [33] , and in BN bonds using the UFF force model for d ¼ 1.06 Å and length of 1.45 Å [34] . The axially softer chemical groups appear to belong to the CC and CH phases, with some CN groups having equivalent thickness between 1.1 Å and 1.2 Å . The stiffer response is provided by CO, OP, and CN groups, the latter when the equivalent thickness is between 0.7 Å and 0.8 Å .
A direct comparison between the first 15 normal modes from the atomistic-continuum and MM model is presented in Fig. 5 . One can notice a general good agreement between the two approaches. For the lower modes, the frequency obtained from the FE analysis is slightly higher than those obtained from MM ($5% for the first four modes). From mode 10 onward this trend is reversed, while the percentage error difference between the two methods oscillates between 4% and 10%. The first four mode shapes are plotted in Fig. 6 . We observe that the first and second modes are associated with a global bending deformation mechanism, and the third and fourth dominated by axial deformation (springlike type behavior). The existence of bending modes associated to the first two eigenvalues is compatible with the dynamic behavior of short slenderness beams (<4) representing the whole DNA structure [44] . We note that higher modes show localized deformations, again compatible with higher frequency eigenmodes associated to structures with high modal density and complex geometry [45] .
Several authors have estimated the equivalent Young's modulus for the DNA molecule assuming that the DNA strand can be modeled as an elastic solid rod under axial stretching made from isotropic material [46] [47] [48] . The DNA structure considered in this work is not uniform along the axis of the helix. At this lengthscale, the detailed geometry is far more complex than that of a homogeneous solid rod. Nevertheless, we can calculate the equivalent Young's modulus directly from the natural frequencies obtained from the eigenvalue analysis, considering the equivalent rod being fixed at one end, and free at the opposite. We consider the natural frequencies associated with a dominant mechanism of axial deformation, since the equivalent Young's modulus is related to a pure tensile-compressive load. When choosing the third and fourth frequencies (f 3 ¼ 38.67 GHz and f 4 ¼ 60.73 GHz), we then obtain the axial stiffness values k i through the standard expression k i ¼ M e ð2pf i Þ 2 , with i ¼ 3, 4. The equivalent stiffness of a rod with circular cross section, fixed at one edge and undergoing axial motion, is given by k i ¼ E i A/l, where A is the crosssectional area given by A ¼ pr 2 . Here, M e is the effective mass of the molecule, equal to 4:3665 Â 10 À8 TPaÅ=GHz 2 . This is one third of the mass of the whole molecule, which can be established by energy principles [49] . If we assume a uniform radius r of 10 Å for the molecule [47] , with a length l of 39 Å (length of the FE model), it is straightforward to show that the Young's moduli take the values E 3 ¼ 320.04 MPa and E 4 ¼ 789.33 MPa, for f 3 and f 4 , respectively, when the classic relation E i ¼ k i Á l=pr 2 is adopted. Table 1 shows a comparison between our results and those values reported in the literature, demonstrating the predictive capabilities of our FE model.
The results obtained from the proposed atomistic FE method are well within the range of published results. However, the values of equivalent Young's modulus should be viewed carefully in relation to the length-scale of the DNA segment considered [50] .
Conclusions
This paper proposes a new atomistic FE model that expresses the atomic bonds in DNA molecules by equivalent structural beams. Novel features of this approach include: (i) the ability to model the mechanics of the DNA complex geometry, (ii) the equivalent mechanical properties of the connecting bond elements determined from the atomic potentials of all of the bonds in the structure of the DNA, and (iii) the mass distribution, being taken into account with accuracy by using lumped masses at the nodes. The suitability of this modeling approach has been assessed successfully, particularly for the prediction of the equivalent Young's modulus and in calculation of the natural frequencies. The results for a thirteen base-pair DNA segment have been compared with MM simulations and with published data, demonstrating the predictive capability of the present model. This approach is computationally more efficient compared to the classical molecular dynamic simulation and compared to the continuum mechanics theory, it has the ability to incorporate atomistic details. Moreover, it can be used to perform structural mechanics predictions in DNA strands having length higher than few nanometers, bridging therefore a computational gap existing between high-fidelity molecular methods and continuum models. The results from our simulations show that the bonds of the chemical groups making the DNA molecule have different stiffness behavior, and therefore influence the dynamics of the DNA strands oscillators. CH and ON groups offer higher rigidity than analogous sp 2 C-C bonds existing in nanotubes and graphene.
We specifically considered a DNA model in this paper. The underlying modeling and computational paradigm is general and can be applied to any molecule consisting of a finite number of atomic bonds. Once the model is transformed into the finite element framework, well established numerical methods for structural analysis can be applied to analyze complex biological structures in a way that is familiar to practitioners of solid mechanics. The modeling approach can be adapted also to study highly nonlinear mechanical loading of DNA and other protein molecules, within the context of large deformations. The modeling techniques are also susceptible of being implemented in highly parallel codes to consider macroscale biological molecules. 
